Abstract. We extend the concept of intrinsic ultracontractivity to non-symmetric semigroups and prove the intrinsic ultracontractivity of the Dirichlet semigroups of non-symmetric second order elliptic operators in bounded Lipschitz domains.
of a non-symmetric second order elliptic operator in a bounded Lipschitz domain is intrinsic ultracontractive.
To concentrate on the main ideas, we will not try to obtain the most general result in this paper. For simplicity, we will only deal with second order elliptic operators with smooth coefficients. The case of second order differential operators with measure-valued drifts and the case of non-local operators are considered in our papers [15] and [16] , respectively. This paper is organized as follows. In Section 2, we introduce the concept of ultracontractivity and intrinsic ultracontractivity for non-symmetric semigroups. Section 3 contains the proof of the intrinsic ultracontractivity for the Dirichlet semigroups of the non-symmetric second order elliptic operators in bounded Lipschitz domains. In Appendix, we prove some identities stated in Section 3.
Throughout this paper, we will use the following convention. The values of the constants c 1 , c 2 , . . . may change from one appearance to another. In this paper, we use ":=" to denote a definition, which is read as "is defined to be".
Introduction to IU for non-symmetric semigroups.
Suppose that E is a locally compact separable metric space and m is a positive finite measure on E such that Supp[m] = E. Suppose that we are given two semigroups {P t } and {P t } on L 2 (E, m) such that for any t > 0,
E f (x)P t g(x)m(dx) = E g(x)P t f (x)m(dx) .
We assume that there exists a family of continuous positive functions {p(t, ·, ·); t > 0} on E × E such that for any (t, x) ∈ (0, ∞) × E, we have
P t f (x) =

E p(t, x, y)f (y)m(dy) ,P t f (x) =
E p(t, y, x)f (y)m(dy) .
DEFINITION 2.1. The semigroups {P t } and {P t } are said to be ultracontractive if, for any t > 0, there exists constant c t > 0 such that p(t, x, y) ≤ c t for any (x, y) ∈ E × E .
For any operator A from L p (E, m) to L q (E, m), we will use A L q (E,m),L p (E,m) to denote the norm of A. When there is no danger of confusion, we will write A q,p for A L q (E,m),L p (E,m) .
It is well-known that if {P t } and {P t } are sub-Markov semigroups in the sense that P t 1(x) ≤ 1 ,P t 1(x) ≤ 1 for all t ≥ 0 and x ∈ E, then both of them are contractive semigroups on L 2 (E, m). 
PROOF. Suppose that {P t } and {P t } are sub-Markov semigroups and that P t andP t are both bounded from L 2 (E, m) to L ∞ (E, m). Then both P t ∞,2 and P t ∞,2 are decreasing functions of t. Put a t = max{ P t ∞,2 , P t ∞,2 } .
By taking adjoint, we know that
so we have
Therefore {P t } and {P t } are ultracontractive. Now suppose that, for any t > 0, we have
Then we have P t ∞,1 ≤ c t ,
Since {P t } and {P t } are sub-Markov semigroups, we also have
and hence we can use interpolation to arrive at
To introduce the concept of intrinsic ultracontractivity, we further assume that (a) {P t } and {P t } are strongly continuous semigroups on L 2 (E, m); (b) for each t > 0, p(t, x, y) is bounded and strictly positive. Let L andL be the infinitesimal generators of the semigroups {P t } and {P t } on L 2 (E, m), respectively. It follows from Jentzsch's Theorem (Theorem V.6.6 on page 337 of [22] ) and the strong continuity of {P t } and {P t } that the common value λ 0 := sup Re(σ (L)) = sup Re(σ (L)) is an eigenvalue of multiplicity 1 for both L andL, and that an eigenfunction φ 0 of L associated with λ 0 can be chosen to be strictly positive a.e. with φ 0 L 2 (E,m) = 1 and an eigenfunction ψ 0 ofL associated with λ 0 can be chosen to be strictly positive a.e. with ψ 0 L 2 (E,m) = 1. Thus for a.e. x ∈ E, 
almost everywhere on E. Since p (1, x, z) is bounded continuous and m(E) < ∞, the right hand side of the above equation is continuous by using the dominated convergence theorem and the fact φ 0
Thus there exist continuous versions of φ 0 and ψ 0 , and (2.1) is true for every x ∈ E. Now the strict positivity of φ 0 and ψ 0 follow from the strict positivity of p(1, ·, ·) and (2.1).
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Then it is easy to check that the operators {Q t } and {Q t } defined by
form semigroups with
Then the measure µ(x)m(dx) is a probability measure on E.
It is easy to see that M ≤ 1. For any t > 0 and any positive nonnegative functions f and g on E, we have
By taking g = 1 in the display above, we see that µ is an invariant function of {Q t }. Similarly, µ is also an invariant function of {Q t }. DEFINITION 2.4. The semigroups {P t } and {P t } are said to be intrinsically ultracontractive if, for any t > 0, there exists a constant c t > 0 such that
In Section 3, we will show that the Dirichlet semigroups of non-symmetric diffusions with smooth coefficients in bounded Lipschitz domains are intrinsic ultracontractive. One of the key steps in the argument of Section 3 is Lemma 3.1 which amounts to saying that φ 0 and ψ 0 are comparable. This comparability of the two eigenfunctions φ 0 and ψ 0 is not true in general. For instance, by using the Dirichlet heat kernel estimates in [14] , one can easily see that for the semigroups {P D t } and {P D t } defined before Lemma 5.5 in [15] with D being a bounded C 1,1 domain, φ 0 is comparable to δ D (x) (the distance between x and ∂D) while ψ 0 is comparable to the constant function.
Since the density of Q t with respect to µ(x)m(dx) is given bȳ
it follows from Proposition 2.2 that {P t } and {P t } are intrinsically ultracontractive if and only if the semigroups
For the remainder of this section, we discuss some important consequences of the intrinsic ultracontractivity for non-symmetric semigroups. In particular, these results are used in our upcoming papers [15] and [16] .
Intrinsic ultracontractivity implies the following lower bound on the density p(t, x, y).
PROPOSITION 2.5. Suppose that {P t } and {P t } are intrinsically ultracontractive, that is, for any t > 0, there exists a constant c t > 0 such that
Then, for any t > 0, there exists a constant c t > 0 such that
PROOF. The idea of the proof comes from the proof of (iv)⇒(v) in Theorem 3.2 of [10] . Let K be a compact subset of E such that
Then by Proposition 2.3, we obtain
Similarly, we also have
Note that by the strict positivity and continuity of p(t, x, y) and Proposition 2.3, we have
Thus by the semigroup property and (2.4),
In the last inequality above, we used (2.2) and (2.
3). 2
For simplicity, we will write
The following result implies that, when {P t } and {P t } are strongly continuous on L 2 (E, m), then {Q t } and {Q t } are strongly continuous contraction semigroups on L 2 (E, µ). Note that in the symmetric case, {Q t } and {Q t } are automatically strongly continuous on L 2 (E, µ). We also note that when {P t } and {P t } are associated with a pair of dual right processes, by repeating the argument in Section 11.3 of [8] , one can show that there are pair of right processes associated with the transition densities q andq. These two right processes are duals of each other with respect to the measure µ(x)m(dx). Thus {Q t } and {Q t } are strongly continuous on L 2 (E, µ(x)m(dx)); see, for instance, the second paragraph after Lemma 2.3 in [11] . But in general, the strong continuity of {Q t } and {Q t } is not obvious. This is only one of the many indications that the non-symmetric case is much delicate to deal with. PROPOSITION 2.6. {Q t } and {Q t } are strongly continuous contraction semigroups in
PROOF. The contraction property follows immediately from the fact that {Q t } and
) .
Similarly, for any k ≥ 1 and t > 0,
Since {P t } and {P t } are strongly continuous semigroups on L 2 (E, m), from (2.5) and (2.6) we have
On the other hand, since
Thus, by the Hölder inequality and (2.7) through (2.9), we obtain that lim sup
Now, by the contraction property of {Q t } and {Q t }, we see that
Therefore, for any ε > 0, we have
The following result means that the intrinsic ultracontractivity of {P t } and {P t } implies that the semigroups {Q t } and {Q t } on L 2 (E, µ) converge to equilibrium exponentially fast. 
PROOF. The argument in this proof is very much similar to that used in the proof of Theorem 4 in [20] . We can not directly use proof of Theorem 3 in [20] in the present situation since we have to work with L 2 spaces instead of the space of bounded continuous functions. LetL andL be the generators of {Q t } and {Q t } in L 2 (E, µ). Then 0 = sup Re(σ (L)) = sup Re(σ (¯L)) and 1 is a positive eigenfunction of bothL and¯L corresponding to the eigenvalue 0. It follows the intrinsic ultracontractive assumption, Proposition 2.2 and Proposition 2.5 that for any t > 0,q(t, x, y) is bounded and strictly positive. Applying Jentzsch's Theorem and the strong continuity of {Q t } and {Q t } (Proposition 2.6), we know that the eigenvalue 0 is of multiplicity 1. By the Riesz-Schauder theory of compact operators, it follows that L 2 (E, µ) = N ⊗R, where N = {c ; c ∈ R} andQ t leaves N and R invariant (see Section 6.6 of [5] ). Since 1 = sup Re(σ (Q t )) and the nonzero eigenvectors of a compact operator is isolated, it follows that there exist positive constants c 1 and ν such that
By the above decomposition of L 2 (E, µ), it follows that any f ∈ L 2 (E, µ) can be written as f = c f + ψ f , where ψ f ∈ R. Thus
We now identify c f . Since µ(x)m(dx) is a probability measure on E, we have
Therefore, it follows from (2.11) that for all t > 0,
Since for t > 1/2 we havē
. From (2.12), (2.13) and (2.14) we obtain for
Thus for any t > 1/2, there exist c 3 > 0 such that
(2.15)
By the semigroup property ofq(t, x, y), we havē
Therefore, from (2.15), we obtain for any t > 1,
In the remainder of this section we assume that the semigroups {P t } and {P t } are associated with two dual Hunt processes X andX, respectively. We are going to use SH + to denote the family of nonnegative superharmonic functions of X, or equivalently, the family of excessive functions of X. For any h ∈ SH + , we use P x h to denote the law of the h-conditioned process X and use E x h to denote the expectation with respect to P x h . The following result gives some important consequences of intrinsic ultracontractivity. THEOREM 2.8. Suppose that {P t } and {P t } are intrinsically ultracontractive and that λ 0 < 0.
(
1) If ζ h stands for the lifetime of the h-conditioned process X, then
(2) For any h ∈ SH + , we have
In particular,
PROOF.
(1) For any h ∈ SH + , it follows from Proposition 2.5 that there exists a constant c 1 > 0 such that
By Theorem 2.7 we know there exists a constant c 2 > 0 such that
(2) By Theorem 2.7 we have In this section we assume that L is a second order differential operator
The formal adjoint of L is given bŷ
In this section, we will always assume that D is a bounded domain in R d . Let p(t, x, y) be the Dirichlet heat kernel of the operator L in D. For any t > 0, define
Then {P t } and {P t } are both strongly continuous semigroups in L 2 (D, dx) . The generator of the semigroup {P t } is L| D with zero Dirichlet boundary condition and the generator of the semigroup {P t } isL| D with zero Dirichlet boundary condition. By definition, we have
The bilinear form associated with {P t } and {P t } is given by (E, H 1  0 (D) ), where
If we assume that c is a nonnegative function, then there is a diffusion process X with generator L and {P t } is the semigroup of X D , the process obtained by killing the process X upon exiting D. If we further assume that
then there is a diffusion processX with generatorL and {P t } is the semigroup ofX D , the process obtained by killing the processX upon exiting D, and the bilinear form (E, H 1 0 (D)) is a Dirichlet form in the sense of [17] .
It follows from Jentzsch's Theorem (Theorem V.6.6 on page 337 of [22] ) that the com- Define, for any (t, x, y)
Then the measure µ(x)dx is a probability measure on D. From Section 2 we know that {Q t } and {Q t } are dual semigroups on L 2 (D, µ) and that µ is an invariant function for both {Q t } and {Q t }.
The generators of {Q t } and {Q t } are given respectively by
It is obvious that C ∞ c (D) is contained in F. It can be checked by elementary calculations (see the appendix for a proof) that for any bounded
We are going to use (Ẽ, H 1 0 (D)) to denote the symmetric part of (E, H 1 0 (D)):
and its generator is given bỹ
Let (P t ) be the semigroup associated with the form (Ẽ, H 1 0 (D)). Then (P t ) has a strictly positive continuous transition densityp(t, x, y) with respect to the Lebesgue measure on D.
Letλ 0 = sup σ (L| D ). Thenλ 0 is an eigenvalue ofL| D of multiplicity 1. Let ϕ 0 be the positive eigenfunction ofL| D corresponding toλ 0 such that
Then the semigroup {Q t } defined bỹ
0 ) associated with {Q t }. Then it follows from [4] and [6] that
We also know from [3] and [4] that for any f ∈ D(Q),
In the remainder of this section we will always assume that D is a bounded Lipschitz domain. Then we have the following 
PROOF. Take a positive constant λ such that
The functions (D, µ) .
we know by the previous lemma that f φ 0 ∈ H 1 0 (D). Similarly, we also have
we know by the previous lemma that for some constant c 1 , c 2 > 0.
PROOF. If (3.6) is true for f ∈ C 1 (D) ∩ F with |f | ≤ 1, then (3.6) is true for every bounded f ∈ C 1 (D) ∩ F by applying to f/ f ∞ . Thus we will assume that f ∈ C 1 (D) ∩ F with |f | ≤ 1.
We know from (3.1), Lemma 3.1 and Lemma 3. Now, applying the previous lemma and (3.8), it follows that the above is bounded by
LEMMA 3.6. For any p ∈ (2, ∞), ε > 0 and bounded nonnegative g ∈ C 1 (D) ∩ F, we have + It is easy to see that for p = 2 the proofs of Lemma 4.1 and Lemma 4.2 work for any bounded f ∈ C 1 (D) ∩ F and in this way we arrive at (3.2). By taking f = g p/2 in (3.2), we get the first equality in (3.9) from (4.1). The proof of the other equality in (3.9) is similar. 
